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Abstract
Riemannian and contact geometry formalisms are used to study the fundamental equation of
electromagnetic radiation-like systems, obeying a Stefan-Boltzmann’s-like law. The vanishing of
metric determinant is used for classifying what kind of systems can not represent a possible gen-
eralization of blackbody-like systems. In addition, thermodynamic curvature scalar R is evaluated
for a thermodynamic metric, giving R = 0, which validates the non-interaction hypothesis stating
that the scalar curvature vanishes for non-interacting systems.
1 Introduction
In a series of 5 papers, Weinhold studied the
implicit relationship between the empirical laws
of thermodynamics and the axioms of an ab-
stract metric space, constructing some vectors
and their operations in a similar way as in quan-
tum mechanics for quantum states [1, 2, 3, 4, 5].
He used this for multiple reasons, one of them,
for the creation of a Riemannian metric which
was given by the Hessian of the fundamental
equation as given by Gibbs [6], this work let Rup-
peiner to construct another Riemannian metric
by different considerations that is conformally
equivalent to Weinhold’s metric [7]. In this re-
search Ruppeiner introduced an important hy-
pothesis saying that, the metric can be inter-
preted as a measure of the thermodynamic in-
teraction, in analogy with general relativity as-
sumption. These works open the idea for a Rie-
mannian geometric representation of thermody-
namics.
Another important set of contributions were
given by Mru¨ga la, who constructed the thermo-
dynamic phase space and showed that thermo-
dynamics has an implicit contact structure [8].
Then he reformulated the whole thermodynamic
theory in terms of differential geometry for con-
tact manifolds. Finally Quevedo presented a
program that he called geometrothermodynam-
ics [9] where he uses all of this contributions
to construct a thermodynamic metric which is
invariant under Legendre transformations, then
he uses this metric to study how curvature is re-
lated to phase transitions for different systems
[10, 11, 12].
In view of all of this contributions, a book
was recently published that summarizes some of
the geometric approaches given to the thermody-
namic theory and other ones that will not be con-
sidered for this research[13]. In this research the
approach will be to study the traditional prob-
lem of blackbodies, and a generalization on these
kind of systems by means of a Neo-Gibbsian ap-
proach [14], and the recent developments on the
field.
This paper is organized as follow: in section
2, the problem of blackbody-like systems will be
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discussed from the thermodynamic point of view,
in the next section a Riemannian metric will be
constructed in the thermodynamic phase space
of equilibrium states, and the metric’s determi-
nant will be analized for those cases where it
vanishes, then in section 4, metric’s curvature
will be calculated and interpreted in terms of an
interaction hypothesis, and finally in section 5
these methods are used to interpret the funda-
mental equation for these systems.
2 Graybodies: Neo-Gibbsian
Picture
The empirical equations that characterize ther-
modynamically the blackbody are:
U =
(
4σ
c
)
V T 4 (1a)
P =
U
3V
, (1b)
where S,U and V are entropy, internal energy
and system’s volume respectively and σ and c are
Stefan-Boltzmann’s constant and light’s speed
respectively. This two equations can be used to
construct a fundamental equation in the entropic
representation for electromagnetic radiation[14]:
S(U, V ) =
4
3
(
4σ
c
)1/4
U3/4V 1/4. (2)
In the equation above, particle’s number N
doesn’t appear, because the two empirical equa-
tions that characterize electromagnetic radiation
don’t have a dependence on N , so in this system
it is not possible to think about conserved par-
ticles to be counted by a parameter N .
The blackbody system can be generalized by
considering the equation for a graybody:
U = ε
(
4σ
c
)
V T 4, (3)
where ε ∈ (0, 1], the value ε = 1 brings back
the equation for a blackbody 1a, and the value 0
can not account for a physical system because it
would mean that internal energy could be inde-
pendent of system’s state and equals to 0. Tak-
ing this into account it can be obtained a new
fundamental entropic equation for graybodies:
S =
4
3
(
4σε
c
)1/4
U3/4V 1/4. (4)
An additional generalization can be done by con-
sidering that the equation 4 is a particular case
of:
S = bUaV 1−a, (5)
with b = (4/3)(4σε/c)1/4 and a = 3/4. This fun-
damental entropic equation accounts for systems
with empirical equations of state given by:
U = a(1+a)/(1−a)b1/(1−a)V T (1+a)/(1−a) (6a)
P =
(
1− a
a
)
U
V
. (6b)
This kind of systems described by 6a,6b will
be analized in terms of a Riemannian metric.
3 Thermodynamic Metric Re-
strictions
The smooth (2(2) + 1)−dimensional T thermo-
dynamic phase space is a contact manifold which
admits a local coordinate representation given by
Darboux’s theorem:
2
Θ = dΦ− I1dE1 − I2dE2, (7)
where Φ is the fundamental equation, Ii and
Ei are the intensive and extensive parameters
for Φ being in entropic or energetic representa-
tion. The pair (T ,Θ) denotes a contact manifold
where Θ satisfies a non-degeneracity condition:
Θ ∧ (dΘ)2 6= 0. (8)
It is possible to find the smooth thermody-
namic equilibrium phase space of the system E
as the space spanned by the extensive parame-
ters E1, E2, and this is possible by means of the
embedding mapping ϕ : E → T , then E is an
integral manifold given by the Θ field if:
ϕ∗(Θ) = θ = 0, (9)
where ϕ∗ represents the pullback. For a 2-
dimensional system given in an entropic repre-
sentation:
θS = dS − 1
T
dU − P
T
dV = 0. (10)
This last equation is another way for writing
the first law of thermodynamics for reversible
processes. For the system 5:
θS = dS−abU
a−1
V a−1
dU+(1−a)bU
a
V a
dV = 0. (11)
Now as given in the geometrothermodynam-
ics program [11]. A differential thermodynamic
length invariant under Legendre transformations
is given by:
dL2S =
(
dS − 1
T
dU − P
T
dV
)2
+ · · ·
· · ·+ Λ
[
U
(
1
T
)
dUd
(
1
T
)
+ V
(
P
T
)
dV d
(
P
T
)]
.
(12)
Calculating dL2S ’s pullback, ϕ
∗(dL2S) = dl
2
S :
dl2S = Λ (USUdUdSU + V SV dV dSV ) , (13)
this can be re-written as:
dl2S =ΛUSUSUUdU
2 + ΛSUV dUdV + · · ·
· · ·+ ΛV SV SV V dV 2. (14)
The associated metric can be written as:
gS =
(
ΛUSUSUU
1
2ΛSSUV
1
2ΛSSUV ΛV SV SV V
)
(15)
where SU = aS/U , SV = (1 − a)S/V , SUU =
−a(1−a)S/U2, SUV = a(1−a)S/UV and SV V =
−a(1− a)S/V 2, using this:
gS =
(
−Λa2(1− a) S2
U2
1
2Λa(1− a) S
2
UV
1
2Λa(1− a) S
2
UV −Λa2(1− a) S
2
V 2
)
(16)
it can be seen that:
det gS = Λ
2a2b4(1− a)2
(
a2 − 1
4
)(
U
V
)4a−2
.
(17)
Now the cases for which det gS 6= 0 will be
analyzed, obtaining:
Λ 6= 0 (18a)
a 6=
{
−1
2
, 0,
1
2
, 1
}
(18b)
b 6= 0 (18c)
the case for Λ = 0 is the trivial one because
dl2 = 0, ∀ (U, V, a, b) so all different states could
be represented by the same one. This case can’t
be seen as a possible system. The other cases
have a different interpretation. For a 6= 0, it can
be seen from 6b that if a → 0 any small varia-
tion of internal energy δU or volume δV would
3
result on P → ∞, that is, in any local chart on
the manifold E , the tangent space TqE could not
be defined because the element SV can not be
properly defined on the smooth manifold E . So
this case couldn’t represent a physical system.
In addition for P being possitive:
0 ≤ a ≤ 1, (19)
so restriction a 6= −1/2 is considered by 19, in
addition let’s recall that a 6= 0, means that 0 <
a ≤ 1. The implications for the case a = 1 can be
seen for example in 6a, for a = 1 energy couldn’t
be defined, so 0 < a < 1. These restrictions are
obtained by considering det gS 6= 0. The case
for b = 0 can be seen in 6a, for this case energy
couldn’t be defined.
Finally the last restriction a 6= 1/2 is in-
terpreted in a different way, according to 17,
a = 1/2 splits the region of possible values for a
and b, depending on det gS sign. It can be seen
that for lima→1/2 det gS , system’s determinant
becomes independent of system’s state (U, V ).
According to determinant’s sign, the value for
graybodies a = 3/4, are found in the upper re-
gion for which det gS > 0 as can be seen in figure
1.
An interesting result showing a = 1/2 as an
special value, can be obtained by considering
the explicit relationship between the fundamen-
tal equation for entropy S and its response func-
tion CV :
CV =
(
a
1− a
)
S, (20)
so CV ≤ S, obtaining CV = S only for a = 1/2.
So this splitting behaviour observed for a = 1/2,
can be seen as the only one system in which
its entropy have no differences with its response
function. Remembering that S is the fundamen-
tal equation for these systems, this specific value
Figure 1: Region of possible physical systems
described by the fundamental equation 5. The
solid line at a = 3/4 can be interpreted as ther-
modynamic graybody-like systems, the final dot
at b = (4/3)(4σ/c)1/4 represents the blackbody
and the dash line at a = 1/2 splits this region in
two, according to det gS sign.
a = 1/2 implies that this response function have
all of the system’s information.
4 Curvature and Interaction
Let R be the curvature scalar associated to a
thermodynamic metric g [9] then:
R =− 1√
det(g)
[
∂
∂V
(
g11,V − g12,U√
det(g)
)
+ · · ·
· · ·+ ∂
∂U
(
g22,U − g12,V√
det(g)
)]
− det(H)
2det(g)2
, (21)
being the metric g in the equation above given
by 16, where gij represents the elements of the
matrix gij,x = ∂gij\∂x and H is:
H =
 g11 g12 g22∂g11
∂U
∂g12
∂U
∂g22
∂U
∂g11
∂V
∂g12
∂V
∂g22
∂V
 . (22)
The scalar curvature for the two-dimensional
metric system will be 5:
4
R = 0, ∀(U, V ) (23)
and also for all a and b.
Now this result can be interpreted by means
of the interaction hypothesis [7]. This hypothe-
sis states that the curvature scalar may be inter-
preted as:
• R zeros implies no-interaction
• R poles implies phase transitions [10],[11].
This means that for any system characterized
by a fundamental equation as 5, there is no in-
ternal interaction.
5 Conclusions
In this work, the formalism of recent geometric
approaches was applied, for interpreting the re-
strictions for a generalization to thermodynamic
systems behaving like graybodies. First, the fun-
damental equation for this kind of systems was
constructed and according to the selected metric
[11], it was found that these systems have a flat
equilibrium manifold as can be seen by R = 0,
and this is interpreted as a non-interacting sys-
tem. This result, does not depend on the partic-
ular state of the system (U, V ) or the particular
generalized system a, b.
It was also discussed the cases for which
det gS = 0. Obtaining that these values can be
seen as restrictions to the fundamental equation
5, in addition it turned out to be that a = 1/2,
obtained as one of these restrictions, represents
the only one value for which determinant sign is
changed. This investigation shows that vanish-
ing of metric’s determinant have physical inter-
esting implications, and that they can be under-
stood as restrictions for a possible generalization
of blackbody-like systems.
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